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[ 1. Explicit and Implicit FunctionS.

Explicit and Implicit Function
If 21, xs,...,x, are independent variables and u is a dependent variable which has its depen-
dence on these variables by an explicit relation

U= F{&1850 - & Eq)

then u is called an explicit function of x1, za,. .., Z,.

In case a relation involving several variables is expressed by a relation like

Bl T - - 5 T) =0

in which no single variable is expressed in terms of rest of the variables then it is called an
implicit function.

2. Neighbourhoof of a point in R2.

Neighnourhood of a point in R?
For a point (a,b) and § > 0 a neighbourhood of (a, b) is defined as the set

{,y) eR*/ |z —a<§, ly—b| <5}

Y i A b A
b+4§ < >
(a,b)
b ]
o(Z:y)
b—o < >
v » v X
v a—o0 a a+o
Figure 1: Neighbourhood of a point (a, b)
[ 3. Limit Point ]




Limit Point
A point (£,7) is called a limit point of a subset S of R? if each neighbourhood of (£, 7) contains
infinitely many points of S.

[ 4. Limit of a Function ]

Limit of a Function

Let f(z,y) be areal valued funciton defined in some domain containing a deleted neighnourhood
of a point (e, b) and ! be a fixed real number. If for each € > 0 there exists some § > 0 such
that

|f(z,y) — 1| <€, whenever O0<[z—a|<é 0<|y—b<4d
then [ is said to be the the limit of f(z,y) as (z,¥) tends to (a,b) and it is written as

lim T =1
(zy)—+(ab) Hzy) =

The limit is also known as Double limit or simultaneous limit .

[ 5. Non-existence of limit ]

Non-existence of limit
From the definition of the limit of a funcion of two variables it follows that if

lim T =1
(zy)—+(ab) f(y) =

then irrespective of the path we choose for (z,v) to approach (a, b) we must get the same value
I, provided the limit through the path exists.

This implies that, if there exist atleast two paths say y = ¢1(z) and y = ¢o(x) such that

the limits o 1)111% flz, 1 (z)) and % 1)111% f(z, ¢2(x)) both exist but
ly , l l

Sy [ @A) £ lm (@ éal))

then the simmultaneous limit does not exist.

[ 6. Repeated limits J

Repeated limits

Let f(z,y) be a function defined in some neighbourhood of a point (a, b). By keeping ¥ constant

in f(z,y) it is a function of one variable z only and with that if the limit (lim f(z,y) exists
Tr—a

then it is a function of y only, say ¢(y). Then if the limit lin% &(y) exists and it is equal to
y—+

some real number A then it is called the Repeated Limit of f(z,y) as 2 — a and ¥y — b and
is written as

lim lim f(z,y) =



Similarly if the orders of limits is interchanged and the limit exists and it is equal to some real
number X then it is called Repeated Limit of f(z,y) as ¥y — b and 2 — a. This is written as

. . Y
lim lim £z, ) = A

Tr—ra

)

i+ 12

7. For the function f(a:,y) =

0 if z+y=0

prove that lim f(z,y) does not exist.
(z.)—(0,0)

Proof:

For a non-zero constant m let us evaluate the limit through the path y = mz?

2 2

) gy |+ o TA{(mze)

l];lf(l)f(m’ gl = :E-];I}-[ll z* + m2zt
i mzt
’ :J:l—IEl :124(1 + m2)
= F (L

3 a:];I}-{ll 1 + m2

m

1+ m?2

flz,ma’) =

S lim
(=,y)—(0,0)

This implies that for two distinct non-zero constants m; and msy if we evaluate the limits
through ¥ = mz? and y = myz? then we get

lim z,mz?) = —2 _ and  lim T, maz?) = — 2
(z:y)—(0,0) flz,mz’) 1+ mi (z.4)—(0,0) f(z,mez’) 1+ m3
But then
lim z, myz? lim T, Moz’
sy BTN (g (@ maT)

Hence, the simultaneous limit lim  f(z,y) does not exist.
(z,y)—(0,0)

3

8. Show that does not exist.

11m E——
(=) (0,0) T2 + yb

Proof:



For a non-zero constant m let us evaluate the limit through the path z = my?

(my®)y®

11mf(my y) = I*OW

. (m,y)—>(00)f( my’,y) = m2+1

This implies that for two distinct non-zero constants m; and msy if we evaluate the limits
through y = m12? and y = max? then we get

My

my
lim m and m
(m,y)—)((](])f( 1y y) mf-l—l (z,y)—>(00) ( 2y y) §+1
But then
11111 m 31
gl s flmay?, :';)7'E . (Oﬂ)f( SUMET)

Hence, the simultaneous limit ( l)lnr%0 hy Flz.y) does not exist.
z,y)—>

9. Show that lim 29:_::; does not exist.
(z.9)~(0,0) 2?2 + 32

Proof:
For a non-zero constant m let us evaluate the limit through the path y = mz

2z(mz)
2 me) = I 2

1 —
) (z,y)lﬂ%omf(x’mx) 1+ m?

This implies that for two distinct non-zero constants rn; and sy if we evaluate the limits
through y = myx and y = mqz then we get

. 2m1 2m2
1 =_——- and i
stony T E I = 1 g and e @ man) =
But then
lim T, mix lim maeZ
anmtony T E ) F gy (@)
Hence, the simultaneous limit lim  f(z,y) does not exist.
(z,y)—(0,0)
22y?

10. Show that does not exist.

I
(w,y)lil%o,m 2y? + (22 — y2)2




Proof:
For a non-zero constant rn let us evaluate the limit through the path y = mz

. , z?(mzx)*
i flama) = e + (27 — (maz)E?
m2z?

= lim
20 £4m? 4+ 74(1 — m?)?
2

= lim e
z0m? + (1 —m?2)?
2
m
o ) =
e T ™) = E T

This implies that for two distinct non-zero constants m; and ms if we evaluate the limits
through y = myx and y = myz then we get

m?2 m2
e Ton &™) = La i a2 ) = e oy
But then
lim I, "M lim T, My
(-T,y)—l'(ﬂ,o) f( ) ) f'é (z,y)—r(O,ﬂ) f( : )
Hence, the simultaneous limit lim  f(z,y) does not exist.
{=,¥)—(0,0)
34 .3

11. Show that lim Y
(z,y)—(0,0) T — Y

does not exist.

Proof:

For a non-zero constant m let us evaluate the limit through the path y = z — mz?®

z3 + (z — mz?)?

5 ™ 2 W
il—%f(m’x Gy al:l—% z — (x — ma3)

. P+ (1 — ma?)?
= lim =
1 _ 233
. fiom + (1 — mz*)
z—0 m
_ g LA 3mz? + 3m*z* — m*z")
T 290 m
2 — 3mz? + 3m2zt — m3ab

= lim
z—0 m

2

m

2

. lim T,z —mz)=—
(z.4)—(0,0) H )

This implies that for two distinct non-zero constants m; and msy if we evaluate the limits

through ¥ = £ — m;z® and ¥ = z — maz® then we get

2

2
lim £,z —mz)=— and lim T,z —mer’) = —
oo !¢ S ™ anton ¢ )= e



But then

lim f(z,z—mz®)# lim f(z,z — myz®)

{2.4)—(0,0) {z,4)—(0,0)

Hence, the simultaneous limit lim f(x,y) does not exist.

(2,1)—(0,0)

12. Show that

72 —

lim

b i = Uu.
(z.)—(0,0) yzz + 32

Proof:

For any point (x,%y) we can take some r > 0 and a real number 8 such that

Therefore,

z=r1cosf and ¥y =rsind

2 _ g2 r2cos®f — r2sin? 6

¢ —y .
Ty—— = (rcos@)(rsinf
ymz—l—y? ( ) ) r2cos? @ + r2sin? @
2 . 2
: . ,cos8° 60 —sin” g
= fsin————
) cos? § + sin® 6
2
= Esin%’cos 20
2
r
= —sin4#
4 111
22 — g2 3
:L‘ywz_'_yz = Zsm49
22 — g r2
< |
ViS4
22 — o2 22 4 o2
< ---(1
$y$2+y2 ~= 4 ( )




Therefore, for any given € > 0 if we take § = v/2¢ then
lz| < 8, ly| <8 =|z| < V2, |y| <2
=12+ 4% < de

2 2
° +
= y

4

<€

:122 2

eyt Y

2 _T_ /2 < e (Follows from (1))

=

Thus, for any given ¢ > 0 we can find some 4 > 0 such that

:r:z—y2

x2 + y?

—0‘ <€, whenever |z—0|<4,|y—0]<d

Hence,

PLI
lim zy—— =
)00 22 + 12

Ty’

13. Show that lim ——— =0.
(z.9)~(0,0) 22 + 3>

Proof:
For any point (x,y) we can take some r > 0 and a real number # such that

xz=rcosf and y=rsind

Therefore,

gy’ (rcosf)(r?sin® )
22432 r2cos2f + r2sin®f

cos f sin® #
— T—_
cos? @ + sin® @

= rcosfsin? §



Therefore, we have,

2

aﬁyz = |r cos #sin® 4|
< |r|| cos 8|| sin® 4
< ||
p— /$2 +,y2
< V=2 + 2[z[ly[ + [y[?
= v/ (=] + [yl)?

Ty’
|| <l -

Therefore, for any given € > 0 if we take § = % then
€ €
|$|<5: |y|<5=>|$|<§: |y|<§

€

= |z +|y] < = +
yi=37Ty

< e (Follows from (1))

Thus, for any given € > 0 we can find some § > 0 such that

S[Jyz

2 +,y2

—0’ <€ whenever |z—0|<é4,|ly—0|<4d

Hence,

zy?

lim —F =
(zy)—+0,0) T2 + y?

2.,2 _
14, Show that lLm YZ¥ T1-1_4,

(@p)—>(00)  z2+ y?

Proof:



Since (z,y) — (0,0) we can assume z and y both sufficficiently small after some stage.

Now,

Vi +1-1 |1 + %% — 1

3:2 +y2 $2 +.y2

11 4
(1+%$2y2+2(227')$4y4+... -1

72+ 942

21
% 4 y?

For sufficiently small values of z and ¢ we can neglect terms starting from second term and get
approximation.
VR +1-1 2%
E T ] ™ ---(1)
2ty 2 4 92

Now, for any point (z,y) we can take some r > 0 and a real number & such that

r=rcosf and y=rsind

Therefore,

2y 1(r*cos?§)(r?sin’0)

2(z2 +y%) 2 r%cos?f+r2sin?
. 1‘_2 cos? §sin? 6
"~ 2 \cos?2# +sin?é

,!.2
= §(4 sin” § cos® 6)

10



Therefore, we have,

$2y2

2 2
— ---(2
2($2+y2)<m ty )

Therefore, for any given € > 0 if we take §d = \/g then

€ €
e <6, Il <= Jal < |5, bl <5

2 a3 &e &
=>:r+y<2—|-2

=>:z:2+y2<e

222
= w <€ (FOI].OWS from (2))
Thus, for any given ¢ > 0 we can find some 4 > 0 such that

2,2

z2 + 92

ﬁO‘ <€, whenever |z—0|<é,|ly—0|<é

Therefore,
2,2
il o %
(@y)—{0,0) T2 + 2

From (1) it follows that,

JF?IT—l_O

(¢9)> 00  z2+ 3>

3

15. Show that lim Ty
(z.y)—(0,0) 72 + 2

3

exists.

Proof:
For any point (x,y) we can take some r > 0 and a real number 8 such that

z=rcosf and y=rsind

11



Therefore,

y®  (r®cos®0)(r®sin’f)
22 +y2  r2cos?f+ r2sin?f

4 cos®Osin®6
cos? # + sin @

o
= (8 cos® fsin’ f)

4
= %(Sina 26)

Fa

72 + 92 2
-(55)
Therefore, for any given € > 0 if we take § = ¢ then

2] <&, |yl < 8= |z] < Ve, |yl < Ve
= z° +1° < 2ve

= (22 + %)% < 4e

2 4 .2)2
= —(m Z'y ) <€
7y
= | 2 o < e (Follows from (1))

Thus, for any given € > 0 we can find some ¢ > 0 such that
233
T2 + ,y2

—0’ <€ whenever |[zt—0|<4|ly—0|<d

Hence,

T3y

(z,y)lf%o,tl) 24+

3

12



16. If f and g are two functions defined on some neighbourhood of a point
{a,b) such that

lim z,y}=1 and lim T, y}=m
(w,y)—P(a,b)f( ) (x,y)ﬁ(a,b)g( )

then prove that-

[1]
lim +9)(z,y)=1l4+m
(mwwﬁf 9)(z,y)

Proof
Here,

lim zay) =1
(z.¥)—(a.b) f@.9)

Therefore, for each € > 0 there exists some & > 0 such that
|f(z,y) — 1] < % whenever 0 < |z —a| < é;, 0< |y—b| <&

Also as : 1)111‘% 5 g(z,y) = m, for the same € there exists some d3 > 0 such that
.Y —(a,

lg(z,y) —m| < g whenever 0 < |z —a| <&, 0< |y—b| <&

If we take, § = min{d;,d2} then d < &, and & < ..
Hence,
|f(z,y) -1 < % whenever 0 < |z —a| <4, O0<|y—b| < $é

and
lg(z,y) —m| < % whenever 0 < |z —a| <4, 0< |y—b| < §

Therefore for 0 < [z —a| <4, 0 < |y —b] < 9,

|(f(z,y) + g(z,9)) — (L +m)| = [(f(z,y) — D) + (9(z,y) — m)|
< |f(z,y) — U +9(z,y) — m|
“5+z
SNz y) +e@y) — ((+m)| <e

Since
|(f(z,y) + g(z,¥)) — {+m)| < e whenever 0 < [z —a| <6, 0< [y —b| <9
we conclude that,

lim [f(z,y) +g(z,y)] =1+m
(w4)=>(a,b)

13



2]
lim (f-g)z,9)=1-m

(z.y)}—>(a,b)
Proof:
Here,
o By T U =1

Therefore, for each € > 0 there exists some & > 0 such that
|fz,y) — 1] < % whenever 0 < |z —a| < d, O0< |y — b| < &

Also as lim g(z,y) = m, for the same € there exists some d; > 0 such that
() (a:b)

lg(z,y) —m| < % whenever 0 < |z —a| <&y, 0< |y —b| < &

If we take, 6 = min{d;,d2} then d < é; and & < és.
Hence,

|f($,y)—l|<§ whenever 0 < |z —a| <4, 0< |y—b| < §

and
lg(z,y) — m| <§ whenever 0 < |z —a| <4, O0< |y—b| <@

Therefore for 0 < |t —a| <4, O0< |y—b| < &

|(f(z,9) — 9(z,9)) — (L —m)| = |(f(z,9) — 1) + (m — g(z, )|

< |flz,y) — 1|+ |m — g(z,9)|
< |f(z,y) — 1|+ |9(z,y) — m|
<& €

29

S N(f(zy) —g(@ ) — (1 —m)| <e
Since
|(f(z,y) — g(z,¥)) — (l —m)| < e whenever 0 < [z —a| <4, O0<|y—b|<d
we conclude that,

(w,yl)if%a,b) [f{z.y) —g(z,x)] =1—-m

[3]

li =]
(@) (e f(z,9)9(,y) = Im

Proof

14



We have,
|f(z, ¥)g(z,v) — Im| = |f(z,9)9(z,¥) — 9(z,v)l + g(z, y)l — Im|

= |9(z. ) (f(z,9) — 1) +1(g(z,y) — m)]
< lo(z,9) (f=,9) = | + |[Hg(z,v) — m)|
< lo(@ y)| £ (@ y) — 1 + lil-lg(z, 5) — m)|

Nz v)e(z, y) — Im| < glz, y)| | flzy) — U + U] |g(z, 4) —m| --- (1)

As lim g{z,y) = m, for € =1 there exists some §; > 0 such that
(z:y)—+(a,b)

lg(z,y) —m| <1 whenever 0< |z —a| <8, 0< |y —b| < &
Now,
9(z, ¥)| = |g(z,y) —m + m|

< lg(z,y) — m| + |m|
<1l+|m| whenO0<|z—a|<d, O<|y—b] <&

Therefore, |g(z,y)| < |m|+ 1 whenever 0 < [z —a| <&, 0<|y—b| < &

So for 0 < |z —a| < &; and 0 < |y — b| < &, from (1) we have,
[f(z,¥)g(z,y) — Im| < (Im| + 1).|f(z,y) — U] + [I].l9(z,9) —m| ---(2)
Again considering the limits

lim z,y) =1 and lim T, y)=m
(z)—(ab) f( y) (z.y)—>(a,b) g( y)

for each € > 0 there exists some d; > 0 and 3 > 0 such that

If(z,y) =1 < m whenever 0 < |z — a| < 8, 0 < |y — b| < &

and
lg(z,y) —m| < m whenever 0 < |z —a| <83, 0 < |y—b| < 43

If we take, § = min{di,ds, 03} then § < 41, 6 < § and 4 < d5.
Hence,

If(z,y) — 1| < whenever 0 < |z —a| <6, O0<|y—b| < §

€

2(lm| +1)

and .
lg(z,y) —m| < 2l +1) whenever 0 < |z —a| <4, 0< |y—b| < ¢

Therefore, for 0 < |z — a| < §, 0 < |y — b| < § from (2) it follows that,

| f(z,¥)g(z,y) — Im| < (|m| + 1)‘2(| €

m|+ 1)

€

LTIy

P
2 2

o f(zv)g(z,y) — Im| < e

135



Since
|f(z,y)9{z,y) —Im| < e whenever 0 < |z —a| < 8§, O< |y —b| < 8

we conclude that,
f(z,y)g(z,y) = Im

lim
(@) —(a,b)

[4]
B LI%a,b) gg” Z; = %, provided m # 0, when (z,y)— (a,b)
Proof
We have,
flz,y) i‘ _ |mfz,y) - lg(w,y)'
9(z,y) m mg(z, y)
mg(z,y)
Im||g(z, y)|
|m||f(z,y) — i |illg(z,y) —m|
|m|g(z, y)| Im||g(z,y)|
, f(w,y)__i‘ s R B o L e
oty " ml| < TP T g g 0oy — ™ )

As m # 0 we have |m| > 0, hence @ >0

Since, lim _g{(z,y) = m there exists some §; > 0 such that
(z,y)—(ab)

lg(z,y) —m| < @ whenever 0 < |z —a| < d, 0< |y —b| < &,

Now,

[m| = |m — g(z,y) + g(z, y)|
< lg(z, y) — m| + |g(z, y)|
m
<4 lo(z9)

m

ff = ) < lg(a )
m
< ot

16



Therefore, ——— € — whenever 0 < [z —a| <6, 0< |y—b| < §
lg(z,9)| ~ |m|
Sofor0 < |z —a| < é1, 0< |y—b| <&y, from (1) we have,
flz,y) 1 2[{]

9(z,y) m |m||f( zy) — U+ Ele(@y) —ml ---(2)

Again we consider the limits

lim T = and lim x
(m,y)—r(ab)f( Y) (:y)—(a,b) 9(@,y) =

Therefore, for each € > 0 there exists some d; > 0 and d3 > 0 such that

|f(z,y) =] < I4| whenever 0 < |z —a| <82, 0 < |y —b| < &,
and
lg(z,¥) | < sleal* henever 0 < | | <83, 0< |y—b] <0
glz,y) —m M+ 1) wheneve z—a 35 Yy 3
If we take, & = min{di, 83,03} then d < 41, § < 93 and § < 85.
Hence,
€lm|
|f(:n,y)—l|<T whenever 0 < |z —a| <48, 0<|y—b| < $§
and

2
lg(z,y) — m| < % whenever 0 < |z —a| <4, O0<|y—b| < §

Therefore for 0 < |z —a| < 4, 0 < |y — b| < § from (2) it follows that,
) 1) 2 (dnl), 2 ( dm )
glz,y) m| |m| [mf? \4(J¢ +1)

e +( H )E
7| +1

o
20 2
__‘f(ﬂay)_i'<ﬁ
9(z,y) m
Since
flxy) 1|

——‘ < ewhenever0< |z —a| <6, 0<|y—b| <&
g(z,y) m

we conclude that,
flzy) _ 1

@w)—+(at) g(z,y) m

17



17. Prove that lim (z®+2y)=>5.
(=) —(1,2)

Proof
To prove the result using the definition of limit of a function, we shall show that for any given
€ > 0 there exists some d > 0 such that,

|z +2y — 5| <€ whenever 0<|z—1| <6, 0<|y—2/<$é
Now, forany 6 > 0,if [z — 1| <dand |y —2| < dthenz # 1, y # 2 and

l1-d<z<1+d and 2—0<y<2+$6
1-20+8°<x?2<14+20446% and 4 —20<2y<4+26
5—40+82 <2®+2y <5+ 46+ 82
o —46+ 6% < 2* + 2y — 5 < 46 + 4*
Taking 0<d<1wehave 82K 8
Hence,
46 —0<z?+2y—5<40+4
58 <z*+2y—5< 58
|(z* + 2y) — 5| < 59

So, for any given € > 0 if we take § = min {1, g} then,
|22 4+ 2y — 5| < € whenever 0<|z—1| <4, 0<|y—2|<$
Hence,

lim (22+2y)=5

(z4)—(1,2)

18. Prove that lim 3zy=6.
(zy)—(1,2)

Proof
To prove the result using the definition of limit of a function, we shall show that for any given
e > 0 there exists some § > 0 such that,

[3zy — 6| < ¢ whenever 0< |z —1| <4, O0<|y—2|<d

18



Now, forany 0 <8< 1,if0<|z—1|<dand 0 < |y — 2| < & then z # 1, y # 2 and

l1-0<z<1+4d and 2—-46<y<24¢
3(1-8)(2—-9) <3zy < 3(1+0)(2+9)
3(2— 36+ 6°) < 3zy < 3(2+ 36 + %)

6 — 96 + 362 < 3zy < 6+ 96 + 362

—96 + 36% < 32y — 6 < 95 + 362

—95—-30<3xy—6<99+34

—120 < 3zy — 6 < 126
|3zy — 6| < 124

So, for any given € > 0 if we take § = min {1, %} then,
|3zy — 6] < ¢ whenever 0<|z—1| <4, 0<[y—2|<é

Hence,

lim 3zy=26
(zy)—+(1,2)

G 2 2
19. Show that lim M =

0.
(y)—00 22+ 4>

Answer:
If (z,y) — (0,0) then z% + y? — 0. So,

zsin(z? + %) sin(z? + y?)

lim s % = lim z lim . T B =0
(zy)—(00 x4+ Yy (z.4)—=(0,0) (z.3)—{00) e+ y
] P
20. Show that Ilim i iy 2 = 1
(@y)—21) tan ' (3zy —6) 3
Proof
Let zy — 2 =t. Now, if (z,y) — (2,1) then (zy — 2) — 0, hence t — 0.
Therefore,
o= ) _ = 1
sin™" (zy — 2) T t  lim ‘/?g _1
=w—+21) (3zy —6) =0 tan~'3t 0355 3
-1
21. Show that lim e%G-1% =0,

((=w)—(0,1)

19



Proof

(z,¥) 2 (0,1)=z—-0, y—>1
=z’ 5 0+, (y—1)> > 0+

= z?(y — 1)* = 0+

1
= s =
w2y —12 %
. 1
So, if we take ——————- =t thent — oo
z?(y — 1)
As, e > 1, we have, t = 00 = et = 00
Therefore,
1
lim e Y= = lim e = lim = =10
(z,4)—(0,1) 00 i500 €

22. Show that for the function f(z,y) = % the repeated limits exist and
2 +y

are equal at the origin but the simultaneous limit does not exist.

Proof
z
For f(z,y) = p —Eyz we have,

e ' = Ty . )

e A e e el e
and "

o ¢ b I Blhm, Lomiirm Tt

Y = e T e =0

Thus, both the repeated limits exist.

Next consider any non-zero constant rn and let us evaluate the limit through the path y = max

. .. z(mzx)
g f(z,mz) = o z? 4+ m2z?

= lim ma?
o0 22(1 4+ m?2)
= lim m
T E501 + m?2

m

1+m?2

o lim T, ML} =
(z.4)—{0,0) g )
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This implies that for two distinct non-zero constants m; and my if we evaluate the limits
through y = mx and y = myz then we get

: Mo
d 1 =
1+mi an (m,y)l—rﬁo,o) /(@,maz) 1+ m2

f(ma mlm) =

lim
(z.1)—(0,0)

But then
lim T, T lim T, Mo
(2w)—=(0.0) f(z,mz) # (@4)—+{0,0) f(z,maz)

Hence, the simultaneous limit m ) f(z,y) does not exist.
0

li
(2.4)=(0,

’

1 1
:csin—+ysin;, when zy#0
23. Show that for the function f(z,y) =
0, when zy=20

the simultancous limit exists at the origin but the repeated limits do
not exist.

Proof
Ifx— 0- theni—)—ooandifm—)O—l— then%—)oo

1 1
Therefore lim (3: sin — + ysin —) does not exist.
Y T

x—0

1 1
Therefore, lim lim (a: sin — + ysin —) does not exist.
y—=0z—0 Yy T
Hence, lim lim f(x,7) does not exist.
y—0 z—0

Similarly lim lim f(z,y) does not exist.
z—0 y—0

Now,

& '11—1 'n—l < |z| '11—1 |y| |sin L < |zl + [9]
s +ys 8 + |y| s +
1 y Y8l = 1 Y Yl 51 = )

Therefore, for any € > 0 if we take § = % then
o= 0] <4, ly=0| < 8= |al < o, bl <,

= |z|+ |y| <€

1 1

= a:sin—+ysin—‘ <€
Y x

Hence,

lim z,y) =10
(z,y)—>(0,0)f( v)

Thus, both the repeated limits do not exist but the simultaneous limit exists.
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1, ifzy #0

24. Show that for the function f(z,y) = the repeated limits

0, ifzy=20
exist at the origin and are equal but the the simultaneous limit does not
exist.
Answer:

We know that x # 0 when z — 0. Therefore dependeing on whether y = 0 or y 5 0 we have,

L, ify#0 (-zy#0asz#0, y#0)

1. ] =
=l {O, ify=0 (- zy=08sz#0,buty=0)

z—0
Since y # 0 when y — 0, we get,
lim lim f(z,y) =1

y—0 x—0

Simlarly,
lim lim f(z,y) =1

=0 y—=0

Hence, the repeated limits exist and are equal.

Now, for the simultaneous limit consider any neighnourhood of (0,0). For any point on the
X-axis we have y = 0 and for any point on the Y-axis we have z = 0. Therefore, for all the
points on any axis we have zy = 0 hence f(x,y) = 0 at these points. Also at all other points
we have zy # 0 hence f(z,y) = 1 at rest of the points.

Thus there is some 0 < € such that
If(x,y) " f(010)| > |f($ay)| 5( €
for all points in the neighbourhood.

Hence, lim z,y) does not exist.
(m,y)—>(0,0)f( )

[ 25. Continuity of a function. ]

Continuity of a function
A function f is said to be continuous at a point (a, b) of its domain if

lim f(z,y) = f(a,b)

(z,y)—+(a,b)

v
35'2"’32 (a:y y) 7& (O: 0)
26. Investigate the continuity at (0,0) of f(z,y) =
0 (z,y) = (0,0)
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For any non-zero constant m let us evaluate the limit through the path y = mx

_ R S %, |
lim f(z, mz) = lim ———
x—0 20 g2 + m2g2

o 1—m?

= lim 5
z—=01+m
1 —m?

" oo ) = T

This implies that for two distinct non-zero constants m, and mg if we evaluate the limits
through y = mz and y = mox then we get

1—m? 1—m3
= d li = 2
f (@, miz) 1+ m?2 & (m,y)f%u,u) f(@,maz) 1+ m2

lim
(z,4)—(0,0)

But then

lim T, M lim I, Mol
g Bmz) # Mg FEmas)

Hence, the simultaneous limit lim  f(z,y) does not exist. Therefore, f is not continuous

(z.y)—(0,0)
at (0,0).
H i
—— (@) #(0,0)
V2 +y?
27. Show that the function f(z,y) =
0, (z,4) = (0,0)
is continuous at the origin.

Proof:
For any point (x,y) we can take some 7 > 0 and a real number 8 such that

z=rcosf and y=rsind
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Therefore,

zy _ (rcosf)(rsind)
VIR 12 Vricos? 0+ r2sin?f
cosfsinf
Vcos? ) + sin® 8
= 2(2 cos #sin §)

= g(sin 26}
<T

= Y /1'2 + y2
< Vlal? +2lzllyl + ly[?

= /(|2 + [9])?

<lz| +ly| ---(1)

4 £l
o

Therefore, for any given € > 0 if we take §d = % then

€ €
|$|<‘5= |y|<6=>|$|<§1 |y|<§
€

[
= < =
lz| + |y 2+2

< e (Follows from (1))

N
Vi +y?
Thus, for any given € > 0 we can find some ¢ > 0 such that

<€, whenever |z—0|<4,|y—0|<$d

Ty
=

Therefore, lim i

———=— ={, Therelfore,
()00} /22 + 32

I ,¥) = £(0,0
ol f@y) =£0,0)

Hence, f is continuous at the origin.

[ 28. Partial Derivatives

Partial Derivatives:

24



flxz+oz,y) — f(z,y)

exists then it is known as the partial deriva-

For a function f(z,y) if lim
dz—0

oz
tive of f with respect to z and it is generally denoted by g‘i or fz(z,y). Thus,
Of _ iy f@+02,9) = f(z,9)
O  éz—0 dx

Similary the partial derivative with respect to y, if exists, is given by

g — lim f(a:,y+6y) — f(xay)
8y y—o0 dy

29. If f(z,y) = 227 — zy + 29° then find g—f and g—f at (1,2).

T Y

Answer:
For f(z,y) = 22° — zy + 2y* we have, f.(z,y) =4z —y and f,(z,y) = —z + 4y

Therefore, f,(1,2) =4(1) —2=2and f,(1,2)=—-1+8=7

1.2

Y
30. Show that the function f(z,y) = { z*+y?’
0, Ti=u =1

2 +y? #£0

possesses first partial derivatives everywhere, including the origin,
but the function is discontinuous at the origin.

Answer:
For (z,y) # (0,0)

o ( 2% \_ (=" +y7)(27) — 2 (42%)\ _ y(2zy® — 22°)
sz \z*+y?) ° (z* + y2)? T (a2
Also,

O ( 2y \_ (@ +y)Q) -y _ Pt -y)
oy \zt+2) (24 + 42)2 = (et + 422
Thus f(z,y) possesses both first partial derivatives f,(z,y) and f,(z,¥) at (z,y) # (0,0)

Now,
=0 h o0 h
and L P
k—s0 k k—0
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Hence, f,(0,0) =0 and f,(0,0) = 0.
Thus, f(z,y) possesses first partial derivatives everywhere, including the origin.

Next let us show that f(z,y) is not continuous at the origin. For a non-zero constant m
let us evaluate the limit through the path y = mz?

22l
11m f(m me?) = E%#

T A

a—0 z4(1 + m?)
= 1 m

:1:—}0 1 —+ m2

m
; li 2
i d (g

This implies that for two distinct non-zero constants m; and msy if we evaluate the limits
through ¥ = m.z? and y = maz? then we get

ma

I H= 2 ad L
(m,y)l—lﬂo,n)f(x’mlx ) 1+ m? R O)f(x maz) = 1+ m2
But then
lim T, Mm% lim T, My
D (6™ s R ¢ T .
Therefore, the simultaneous limit lim  f(z,y) does not exist.

(.y)—(0,0)

Hence, f(z,y) is not continuous at the origin.

31.  If f(z,9) = 4/oy], find £,(0,0) and f£,(0,0).

Answer:

h0 h h—0 h
Therefore, f,(0,0) =0

Also,
T f(010+k) _f(an) = Timm. |k(0)| -0 =)
k—0 k k—0

Therefore, £,(0,0) =0

7

32. If f, exists throughout a neighbourhood of a point {(a, ) and f,(a,}) exists
then for any point {a + h,b+ k) of this neighbourhood

fla+h,b+ k) — f(a,b) = hfz(a + Ok, b+ k) + k[f,(a,b) + 7]

where 0 < § < 1 and 7 is a function of &, tending to zero with k.
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Proof
We can write,

f(a‘+hab+k)_f(a':b)=f(a'+hab+k)_f(a:b+k)+f(a:b+k)_f(asb)"' (1)

Now, f, exists throughout a neighbourhood of (a,b). Therefore, by Lagrange’s Mean Value
theorem, for some 0 < # < 1 we have,

fla+hb+k)— fla,b+ k) =hfs(a+0hb+k)---(2)
Moreover, f,{a,b) exists. Therefore,

lmf(aab+k;_f(aab)

k—0

= fy(a,b)
Therefore,
fla,b+ k) — f(a,b) = k[f,(a,b) + 7] - - - (3)
where 7 is a function of k such that it ]lcirt(l] n=0.
_}
Substituting from (2) and (3) in (1) we get,
fla+h,b+ k) — f(a,b) = hfz(a+ 6h, b+ k) + k[fy(a,b) + 7))
where 0 < # < 1 and 7 is a function of %, tending to zero with k.

33. State and prove a sufficient condition for a function f(z,y) to be contin-
uous at a point (a, b).

Sufficient condition for a function f(z,y) to be continuous at a point (e, b)

A sufficient condition that a function f is continuous at a point (e, b) is that one of its partial
derivatives exists and is bounded in a neighbourhood of (a, b) and that the other exists at (a, b)
Proof

Suppose fz(z,y) exists and it is bounded in some neighbourhood of (a, b). Also suppose f, (e, b)
exist then for any point (a + h, b+ k) of this neighbourhood by above Mean Value therorem,

Jla+h,b+ k) — fla,b) = hf(a+ 6h,b+ k) + k[f,(a,b) + 7]

where 0 < 8 < 1 and 7 is a function of &, tending to zero with k. We note that fy{(a+6h,b+k)
is bounded.

Now,

(hk) (00) fla+h,b+k)— fla,b) = (hk) (00)[f(a+h b+ k) — f(a,b)]

(hk) ( [hfz(a—l—ﬂh b+ k)+ k(f,(a,b) +7)]
= lim hfm(a-l-ﬁh b—l—k)-l— hm0 k[fy(a,b) + 1]

(hk)—>(0
= (hk)lil%o )hfx(a,—l—ﬂh b—l—k)—l— ﬁl)l_r}n [kfy(a,b) + kn]
=040
lim fla+h,b+ k)= f(a,b)

(h k)—(0,0)
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Hence, f is continuous at (a, b).

34. Differentiability and Differential.

Differentiability:
Let (z,y) and (z + éz,y + dy) be two neighnouring points in the domain of a function f(z,y).
The change 0 f in the function as the point changes from (z,y) to (z + dz,y + dy) is given by,

Of = flz +0z,y + 0y) — f(z,v)

The finction f is said to be differentiable at (z,y) if the change df can be expressed in the
form

df = Adz + Béy + dzo(dz, oy) + dyy(dz, dy)

where A and B are constants independent of éz and &y and ¢, ¥ are functions of éz and dy
both of which tend to zero as §z and éy tend to zero simultaneously.

Here, Adz + Bdy is called the differential of f at (z,y) and it is denoted by
df = Adz + Béy

35. Prove that if a function f(z,y) is differentiable then it is continuous and
both the first order partial derivatives exist.

Proof
Suppose a function f(z,y) be differentiable at a point (z,y). Therefore if (z,y) and (z+dz, y+
dy) are two neighbouring points in the domain of f then the change §f in f as (z,y) changes
from (z,y) to (x + dz,y + dy) given by
of = f(z + dz,y + 0y) — f(z,9)
can be expressed in the form
df = Adz + Béy + dxo(dz, 6y) + dyy(éz, 0y) - - - (1)

where A and B are constants independent of dz and 5y and

8z, 0y) =0 d éx,8y) =0
(8=, 5#)4(0 0) ¢(62,0y) = - (9= 531) 0.0 )¢( z,0y) =
Therefore,
(ém,dgfl)ﬁ(ﬂ 0) f(SL' + 51": y+ 6y) - f(.’L', y)
= o @ +02,y +0y) — f(z,y)]
= lim [Adz + Bdy + dzd(dz, by) + dy(dz,0y)] ( From (1))
(6:1: dy)—(0,0)
=4 (53,6L)IE(0,0) i (51,6211)12(0.0) Hp (51,61})%(0 )6m¢(6m 0y) + (8,8 )r—n>(0 0) oy (0, o)
=A0)+B(0)+0+0
=0
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Therefore,

lim  f(x+dz,y+dy) = f(z,y)

(Em,ﬂyl)—>(0,0)

Hence, f is continuous at (z,y).
Also, if we keep ¥ constant then dy = 0, hence
0f = Abz + dz(6z,0)

Therefore.

of

Therefore,

lim ﬂ= lim A+0=A4
sx—0 &1 dx—0

Hence, f.(z,y) exists and

af
B_E—A

Similarly, if we keep x constant then dz = 0, hence
df = Béy + dyp(0, 8y)

Therefore,

o
E*B‘F",b(o,&'y)

Therefore,

m ﬁ =lim B+0=28
dy—0 5y dy—0

Hence, f,(z,y) exists and

af
i S
Oy
2 g
36. Show that the function f(z,y) = {:1:2 + y?’ (z,9) 7 (0,0) is continuous
05 (l', y) = (05 0)

entiable at (0,0).

and possesses partial derivatives of first order at (0,0) but is not differ-

Answer:
First we show that f is continuous at (0,0).

Take z = rcosf and y = rsiné.
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Therefore,

r3cos® § — risin® 6

~ |r2cos?8 + r2sin @
cos® § — sin® 4
cos? § + sin? §
< 'r(|cos39| + |sin36|
< 2r

<2V 442 ---(1)

By
z2 + y?

2 — g
2?4 y?

So, for any given € > 0 if we take é = —°_ then

2v/2

|r—0| <4, ly—0|<d=|z| < —=

= <—
$+y 1

=22 +y’<e

J:.‘.’s_yS
2_|_y2

< e (From (1))

Mh

Hence,
e
I
(zy)~(00) 22 + 32
As f(z,y) = f(0,0), f is continuous at (0, 0).
(w,‘y)—>(0 0)

Next, we show that f.(0,0) and £,(0,0) both exist.

R-0_,
h—0 h h—0 h
Also,
O;H -0
TEACL R AC L) R B
k—0 k k—0 k

Thus, f possesses both the first order partial derivatives and
fz(0,0)=1 and f,(0,0)= -1
Finally, we show that f is not differentiable at (0, 0).
If possible suppose f is differentiable at {0, 0). Therefore, the change §f in f as (z,y) changes
from (0, 0) to (h, k) is given by
of = f(h,k)— f(0,0) = AR+ Bk + ho + ky

where, A = f,(0,0) =1 and B = £,(0,0) = —1 and (hkl)lir%ﬂ 0)¢' 0 and (hkl)lin(o 0)’1,0 0

Therefore,
h3 _ k3

pa g gz = b kot ky
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Now, for z = pcos @ and y = psiné, we get,

p®cos® 8 — pisin® 6
p?cos? @ + p?sin® f
~ cos®0 —sin®4
" cos?f +sin?f
. cos® @ —sin® = cosf — sind + pcosf + 1 sind - - - (1)

= pcosfl — psin® + pdcosf 4 pipsind

=r (cosf —sinf + ¢ cosf + ¢ sinf)

Now, E = peind = tanf.
h pcosé
k
Therefore, for any 8 = tan‘lﬂ, p — 0 implies that (h, k) — (0,0). Therefore, from (1)
we get,
m cos’f—sin®f= lim (cosf —sinf+ $cosh+1psinb)
(h,k)—(0,0) (,k)—(0,0)
cos’ @ —sin®@ = cosf —sinf +cosd lim ¢+sinf lim
(,k)—(0,0) (h,k)—+{0,0)
= cosf) —sinf
cos (1 — cos? §) — sin H(1 — sin? §) = 0
cos B sin #(sin @ — cosd) =0
which is not possible for all #. Therefore, f is not differentiable at (0,0)
&4 e
————, &ty #l
37. Show that the function f(z,y) = { VZ* +¥? is continuous
0, z=0=y

and possesses partial derivatives of first order at (0,0) but is not differ-
entiable at (0,0).

Answer:
First we show that f is continuous at (0,0).

For any point (z,y) we can take some 7 > 0 and a real number 6 such that

z=rcosf and y=rsind
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Therefore,

zy _ (rcosf)(rsinf)
VEi+12  Vricost 0+ r¥sin’@
cos &sin ¢
V/cos? 8 + sin? @
= 2(2 cos f sin 6)

= %(sin 26}
£r

— 4 /$2 + y2
< Vlzl? + 2z]ly] + [y[?

= v/ (l= + [9])?

<l|zl+ 1yl ---(D)

4 5
F /.,1;2 4 y2
Therefore, for any given € > 0 if we take § = % then
€
2
€
2

€
ol <&, Iyl <= Jal < 5, Iyl <

€
:>|:r|—|—|y|<§+

< e (Follows from (1))

o=
VI +y?
Thus, for any given ¢ > 0 we can find some § > 0 such that

<e¢ whenever |[z—0|<é,|ly—0|<4d

Ty
=

Therefore, lim o

———— = (. Therefore,
(=) (00) 4 /22 + y?

f(z,y) = £(0,0)

lim
(z:4)—(0,0)
Hence, f is continuous at the origin.

Next, we show that f,(0,0) and f,(0,0) both exist.

BO) =0

h—0 h h—0 h =4
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Also,

KO -0
k—0 k k>0 k

Thus, f possesses both the first order partial derivatives and
f2(0,0) =0 and fy(oa 0)=0

Finally, we show that, f is not differentiable at (0, 0).

If possible suppose f is differentiable at (0, 0). Therefore, the change §f in f as (z,y) changes
from (0, 0) to (h, k) is given by

§f = f(h, k) — £(0,0) = Ah + Bk + ho + ki
where, A = f,(0,0)=0and B=f,(0,0)=0and lim ¢=0and lim ¢ =0

{Rk)—(0,0) (h.k)—(0,0)
Therefore,
hk
————=h(0)+ k(0)+ hd¢+ k
s = h(0)+ K(0) + hor+ b
Therefore,
_hk he + ki
NET
If we take &k = mh and let h — 0 then we have k — 0
Now,
. NN B Y
(k)>00) VREF k2 (wk)(00)
. h(mh) :
v Y
mh )
R <
. m ]
v
m
Vit mE

which is not true for every m. Therefore, f is not differentiable at (0, 0)

[ 38. State and prove a sufficient condition for differentiablity of a function. ]

Sufficient condition for differentiablity of a function:
If (a,b) is a point in the domain of a function f such that
(1) f. is continuous at (a,b) and

(2) fy exists at {(a,b)

then f is differentiable at (a, b).

Proof:
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Continuity of f, at (a, b) implies that f, exists in some neighbourhood (¢ —§,a+9;b—6,b+9)
of (a,b).

Let (a + h,b+ k) be a point in this neighbourhood.

Now, the change éf while point changes from (a,b) to (a + h,b + k) is given by, 6f =
f(a'+h’b+k) _f(a:b)

o 0f =fla+h,b+k)— fla,b+k)+ fla, b+ k) — fla,b) - -- (1)
Since, f, exists in (a — §,a + §; b— &, b+ d), by the Lagrange’s Mean Value theorem we get,
fla+hb+k)— fla,b+ k) =hf{a+6hb+ k)
for some 0 < 8 < 1.
Also continuity of f, at (a,b) implies that

ol fela+0hb+ )= fu(a,b)

Therefore for some ¢(h, k) such that lim ¢(h, k) = 0, we get
(h,k)—(0,0)

Jfela+ 6h, b+ k) = fp(a,b) + &(h, k) - - - (2)

Also we have,

f(a,b—i—kz:—f(a, b) — £,(a, )

(h,k)—(0,0)

Therefore for some (k) such that ’1cin'(1] (k) = 0 we get,
—>

fla,b+ k) — fla,b)
k

= fy(a,b) + (k)
Therefore,

fla,b+ k) — f(a,b) = kfy(a,b) + kp(k) - - - (3)
Substituting from (2) and (3) in (1) we get,

6f = (hfo(a,b) + ho(h, k) + (kfy(a,b) + kib(k))

Therefore,

of = hfi(a,b) + kf,(a,b) + ho(h, k) + ki (k)

Hence, f is differentiable at {a, b).
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( 1 1
z2sin =~ +¢2sin —, if zy #£0
T Y
2 i L .
:rsm;, if z£0, y=0
39. Show that the function f(z,y) = 4 i
yzsina, if =0, y#£0
0; if = O,y = 0

\
possesses both the first order partial derivatives which are not continu-
ous at (0,0) but it is not differentiable at (0, 0).

Proof
( 1 1
r?sin— +4?sin=, if zy#£0---(1)
T Y
o b :
z*sin—, if 240, y=0---(2)
Here, f(z,y) = |
1
y2sin§, if =0, y#0---(3)
L 0, if z=0,y=0---(4)

For the function f(z,y). if z # 0 then case (1) and (2) are applicable and for £ = 0 cases (3)
and (4) are applicable. Therefore,

1 1
2z8in— —cos—, ifz#£0
falz,y) = z T #
0, if =0

Also, if y # 0 then case (1) and (3) are applicable and for y = 0 cases (2) and {4) are applicable.
Therefore,

1 1
2ysin— —cos—, ify#0

fy(.’ﬂ,y)= Y Yy
0, ify=0

1
If y — 0— then | — —oc and if y — O+ then ; — oo. This implies that I% cos does not
exist.

Therefore, ( l)in%0 . fo(x,y) does not exist. Hence, f.(z,y) is not continuous at (0,0). Simi-
w‘y _> ¥

larly, f,(z,y) also is not continuous at (0, 0).
Finally let us show that f is differntiable at (0, 0).

If (z,y) changes from (0,0) to (h, k) then corrsponding change in 4§ f is given by
of =f(hak)_f(050)
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Therefore

5f=hzsin%+kzsin%—0

o 0f =h(0) + k(0) + A (hsin ’11) +k (k sin ::)

Since

1 1
lim hsin— =0 and lim ksin- =10
(h,k)—(0,0) h (h,k)—(0,0) k

it follows that f is differentiable at (0, 0).

40. Prove that f(r,y) = 4/|zy| is not differentiable at (0,0) but f, and f, exist

at (0,0).
Proof
We have,
f(h,O) £(0,0) \/Ih(0 -0
lim = lim =lim—-=0
h—0 h—0 h—0 h
Therefore,
f=(0,0) =0
Also,
g LORZFO0) 5 SO0, D
k—0 k k—0 k=0 k
Therefore,
fy(U, 0)=0

Thus, both the partial derivatives of first order exist at (0, 0).
If possible suppose f is derivable at (0,0).

Then,
f(h, k) — f(0,0) = Ah+ Bk + ho + k)

where, A = f,(0,0) =0, B = f,(0,0) =0, "y kl) H%o . ¢ =0 and (h,kl)lfﬂo,o)w =0

VK] = ho + ki

Taking h = rcos# and k = rsinf we get,

y/7%| cos fsin | = (¢ cos @ + 4 sin 6)

2 1] cosGsin9|)% = ¢cosf + 1sinf
As for arbitray 8, r — 0 implies that (h, k) = (0,0), taking r — 0 we get,

Therefore,

(cos0sin )3 = 0

which is not possible for all §. Therefore, f is not differentiable at (0, 0)
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41. Show that the function f(z,y) = {“’

is differntiable at the origin.

Proof
We have,
— h?
lim £(7,0) = £(0,0) _ = lim h(O) O =lim0=0
h—0 h h—0 h—0
Therefore,
f=(0,0) =0
Also,
£(0,k) — £(0,0) b o
i T = B kO = fim0 =
Therefore,
[,(0,0)=0

Thus, both the partial derivatives of first order exist at (0, 0).

z? —.’ﬂy
9:2+y

a
a(m +17)(82" —9*) — (&® — =y )(23:))
/(5

Also, for 22 + 4% # 0,

9 22 — o
Oz z2 + 12

(72 + y2)?
zt + 452 —y)
(z? + y?)?

Now, we show that f. is continuous at {0, 0).

4 (o Tl )
o) - 2001 = |y (T 25T ) o
z* + 4z?y?
deses
_ a2y 2% + 4y?
(22 + 32)?

2 42 + 442
Y+
2, Y
(1‘2 + y2)2

."Ezy
22+

N

J/AN
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For x = rcos 6 and y = rsin 6 we get,

(r? cos? §)(rsin )
AT — Jz 0) 0)] <4 .
[ fa(2:9) = £=(0,0)l < 72 cos? @ + r2sin®

< 4r| cos® fsin §|

<A/t --- (1)

Fora.nye>0ifweta.ke6=ithen

42

lz—0| <4, ly—0l<éd=|z]| < <

€
— < N
w2 1A
2 2
St < —+—
32 32
= 16(z® +¢%) < €

= 4/x2+yi < €

= |fe(z,y) — £-(0,0)] <e  (From (1))

Therefore,

lim =z, y) = (0,0
(m,y)_)m’o)f( y) = fz(0,0)

Hence, f, is continuous at (0,0). Also as £,(0,0) exists, a sufficient condition for differentia-
bility is satisfied. Hence, f is differntiable at (0, 0).

42. Partial Derivatives of Higher Orders
If the first order partial derivatives of a function f exist at each point
of some region and f,(z,y) and f,(z,y) are also differentiable partially
then those derivatives are called Second Order Partial Derivatives and
are denoted as shown below,

8z \dz ) 8a?

DY reip il
o (5) = o = I~ 5
(3)-Z4
oz \oy/) oOzoy '
3<3f)_ f _

ay T _ayax_fym

Proof
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43. For the funct(iozn 2)
TPE —y v
flz,y) = 2+y? 1) 7 (0:0) show that f., # f,. at the origin.
0 if (z,y) =)(0,0)
Proof
44.
Young’s Theorem: [Without Proof]
If f. and f, are both differentiable at a point (a,b) of the domain of a
function f, then
fzy(a': b) = fyz(a’ b)
45.
Schwarz’s Theorem: [Without Proof]
If f, exists in a certain neighbourhood of a point (a,b) of the domain of
a function f, and f,, is continuous at (g,b), then f;,(a,b) exists and is
oqual 0 f,.(2,b)
46.

Differentials of Higher Order

If z = f(z,y) is a function of two independent variables such that for a
positive integer n all the partial derivatives upto n** order exist then the
n** order differential of z is given by

an {0 0 =
dz-(adx—l—gdy) z
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